Supersymmetric Hamilton Operator and Entanglement

Willi-Hans Steeb and Yorick Hardy

International School for Scientific Computing, University of Johannesburg, Auckland Park 2006,

South Africa

Reprint requeststo Prof. W.-H. S; E-mail: WHS@NA.RAU.AC.ZA

Z. Naturforsch. 61a, 139—140 (2006); received February 22, 2006

We study the entanglement of Fermi particles of a supersymmetric Hamilton operator given by a

simple Fermi-Bose system.
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Entanglement has been studied in detail for finite-
dimensional quantum systems and to alesser extent for
infinite-dimensional quantum systems (see [1, 2] and
references therein). Here we study the entanglement
for states of a supersymmetric Hamilton operator [3]
given by Bose operatorsb™, b and Fermi operatorswith
spin up and spin down, i.e. CL CI, Ci,Cy. Let

Q:=baclc/ ()

be alinear operator, where b is a Bose annihilation op-
erator, c! is a Fermi creation operator with spin up, |
is a Fermi operator with spin down and ® the tensor
product [4]. Since cl.ch =0, o € {1,1} we find that
Q? = 0. We define the supersymmetric Hamilton oper-
ator H as

H:=[Q.Q"; =QQ"+Q'Q.

From (1) we obtain Q" = b" @ c/c;. Let fig := b'b,
iy = c$cT, A = clfcl be the number operators. Ap-
plying [b,b"] = Ig and [c,, ! |+ = IF8, o Wearriveat

H = (2fg+Ig) ® it + Ar ® (Ir — Ay — A}),

where Ig is the identity operator in the Hilbert space
‘Hgp of the Bose operators and I is the identity op-
erator in the Hilbert space Hg of the Fermi opera-
tors. Straightforward calculation yields [H, Q] = 0 and
[H,Q'Q] = 0. Thusthe three operators H, Q, Q"Q may
be diagonalized simultaneously. Let |n) be the number
states (Fock states), wheren=0,1,2,... and (njn) = 1.

For the Fermi operators we use the matrix representa-
tion[4]

t_ 1 o t_ 1

CT_§G+® 25 CL_EGZ®G+
Thus

c 10 ®| c 10 ®o0

T_2 - 25 l_2 z -
and

clel = —Zo. @0,

Thus the Fermi operators act in the Hilbert space C*.
It follows that

A, =cle, =120 (39),

Then abasisin the product Hilbert spaceis given by
Ne@Ee@, NeEe@,

me@e@. me@e@,
wheren=0,1,2,.... Now we obtain
Hin) @ (§) ® (§) = (n+1)In)© (5) © (g)-

This is an eigenvalue equation with eigenvalue n+ 1,
wheren=10,1,2,.... Furthermore

Hin® @) @ () =0,
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Hinj@ () ® (3) =0.
Both states have eigenvalue 0. Finally
Hime@e @ =nme @@

with eigenvaluen, wheren=10,1,2, .... Thusthe low-
est eigenvalueis 0. The Bell states are given by

2= Z(Bod+Qe0).
0= (Bed-Qed).
¥ =Z(HeO+ Qo).
¥ = (Be0-Qed).

Consider the product states of the number states and
the Bell states. Applying the Hamilton operator we find

Aln) @ [@) = nin) 0 |0*) + —= (e () © (3),

V2
Aln) @ @) =njn) @ |@) + %w@ Bo),
Aln) & ) =0,
Hiny®|¥~) =0.
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Consider now the unitary operator U (t) = exp(—iHt).
Then we obtain

Ubine @ e =e""Yne @) (@),

upime Qe @ =e"ne @)

and
upine@e @ =nNe@e®,
upne e =nNe@) -
It follows that

Une|eT) =

e—itn ‘ n>
2(e"@e@-0=0).

and U(D)[n) @ [¥") = )@ |¥"), U e[¥) =
In) @ [¥~). Thusthe states [n) @ [¥*) and |n) @ |¥~)
do not change under the unitary transformation. The
Fermi part of the state U (t)|n) ® |®@*) is also a Bell
state. There is a continuous oscillation between |n) ®
|@*) and |n) @ |@~) with periodicity 27.

Une[@") =
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